Abstract-Accounting for misclassification costs is important in many practical applications of machine learning, and costsensitive techniques for classification have been studied extensively. Utility-based learning provides a generalization of purely cost-based approaches that considers both costs and benefits, enabling application to domains with complex cost-benefit settings. However, there is little work on utility-or cost-based learning for regression. In this paper, we formally define the problem of utility-based regression and propose a strategy for maximizing the utility of regression models. We verify our findings in a large set of experiments that show the advantage of our proposal in a diverse set of domains, learning algorithms and cost/benefit settings.
I. INTRODUCTION
The task of learning with different costs is an important and well studied problem in the context of classification (e.g., [1] , [2] , [3] ). Predictive approaches that take into account costs have important applications in many real-world domains (e.g., medicine, meteorology, and environmental science). Employing a cost-sensitive approach makes it possible to tailor the model closely to the specific problem domain, e.g., to improve predictive performance on minority classes in imbalanced datasets [4] . The main obstacle to wider usage of cost-sensitive learning is that it can be difficult to establish the cost matrix specifying the misclassification costs. Problemspecific error costs are often unavailable or difficult to obtain, requiring access to domain experts. Applying a purely costbased approach is also problematic when dealing with real world problems that involve both costs and benefits.
The broader, more general framework of utility-based learning, which considers both benefits and costs, has been introduced in [1] , [5] . In utility-based learning, a negative benefit (or cost) is assigned to model errors and a positive benefit to accurate predictions. As shown in [1] , [5] , this setting makes it possible to establish a baseline from which costs and benefits are defined, rendering the definition of the corresponding benefit matrix less prone to errors. Moreover, it enables differentiation between accurate predictions across the domain of the target variable by specifying correspondingly larger or smaller benefits.
As a result, utility-based learning is focused on maximizing utility, encompassing both costs and benefits, as opposed to cost-sensitive learning, which is focused solely on cost minimization. Our primary motivation for writing this paper is that utility-based learning is suitable for both classification and regression tasks, but research and application in this area has been concerned primarily with classification.
In the context of regression, the notion of a utility matrix needs to be extended to that of a utility surface-a function of the predicted and actual values of the target variable of the domain. In this paper, we address the problem of utility-based learning using such a utility surface. We formalize the problem of utility-based regression and propose and test a method to optimize the utility of regression models.
The main goals of this paper are to i) define the problem of utility-based learning in regression tasks and ii) propose and evaluate a solution for solving this problem. Our main contributions are that we i) define the utility-based learning problem; ii) propose and test a solution for this problem; and iii) analyse the impact of different utility surfaces on the performance achieved. The paper is organized as follows. In Section II, the problem definition is presented. Our proposal is described in Section III, and the results of an extensive experimental evaluation are discussed in Section IV. Section V provides a brief review of related work, and Section VI presents the main conclusions of this paper.
II. PROBLEM DEFINITION
In this section we will formally define the utility-based regression framework that will be used in this work. The goal of regression is to derive a model that approximates an 
This traditional regression objective does not take into account expected costs and benefits of the estimates, which can be important in real world applications. Let us consider an example of such an application. We start by introducing some notions, starting with the concept of a relevance function, which was proposed by Torgo and Ribeiro [6] and Ribeiro [5] . It expresses the importance that the user assigns to different values of the target variable.
Example 1 (Air Quality Prediction

Definition 1 (Relevance Function).
A relevance function, which we will denote by φ(), is a function that maps the target variable into a scale of relevance in [0, 1] :
where 0 represents minimum relevance and 1 represents maximum relevance.
This function represents the benefit of zero error predictions across the target variable domain, and is the analogue of the diagonal of a benefit matrix in regression tasks. The * A sample of 500 cases from a data set that has its origin in a study relating air pollution with traffic volume and meteorological variables. The data is available from the StatLib Datasets Archive: http://lib.stat.cmu.edu/ datasets/. assumption that completely accurate predictions cannot incur costs motivates the introduction of this function.
To encode a decision maker's preferences and incorporate these in our modelling process, we can use the notion of a relevance function to define a function that assigns a utility score to pairs of estimated and actual target values. This function can be viewed as a utility surface.
Definition 2 (Utility Surface).
A utility surface is a function that maps pairs of values (y,ŷ) into a utility scale in [-1,1] :
where a positive utility value represents the benefit and a negative utility value represents the negative benefit (cost) associated with predictingŷ for the true value y.
The notion of a utility surface was presented by Torgo and Ribeiro [6] and Ribeiro [5] to extend the concept of benefit matrices for classification, as proposed by Elkan [1] , to regression. A utility surface can be thought of as a continuous version of the benefit matrix. Our definition of the utility of (y,ŷ) is based on a function g(.) that establishes utility using three components: i) the loss L(y,ŷ), ii) the relevance of y, and iii) the relevance ofŷ. This means that both the magnitude of the error observed and the user-assigned relevance scores for the true and predicted values contribute to the utility score.
Note that a utility surface includes all the information in the corresponding relevance function. The utility of perfect predictions corresponds to their relevance scores: for all pairs of points (y, y), U (y, y) = g(L(y, y), φ(y), φ(y)) = g(0, φ(y), φ(y)) = φ(y). We make the notion of relevance explicit because it is used in an elegant framework for eliciting a utility surface presented in [5] . Establishing a benefit matrix for classification is challenging; establishing a utility surface even more so. To address this problem, Ribeiro [5] developed 
and Γ C (ŷ, y) are functions related to the notions of costs and benefits of predictions that are defined in [5] .
The method is based on the assumption that the user is primarily interested in either one or both extreme ends of the spectrum of target values. The motivation behind this assumption is that rare and important values are often located at the extremes of the distribution of the target variable. The framework allows the user some flexibility in deciding which type of errors should be more or less penalized, providing an automatic mechanism that adjusts the costs to different settings. This control is accomplished through a parameter p ∈ [0, 1] that specifies which types of errors should incur higher costs. Selecting the value 0.5 for p assigns the same weight for all types of errors. This mechanism can be thought of as the parallel in regression to the decision of assigning more costs to false positives, false negatives or both types of errors in a classification problem. Figure 2 and the utility surface displayed in Figure 3 . The latter specifies the benefits and costs, i.e., the utility for pairs of true and predicted values of LNO2. Given the concept of a utility surface, we are now ready to state the task of utility-based regression, which is based on the assumption that a rational agent should maximize expected utility.
Example 2 (Relevance Function and Utility Surface for the LNO2 Variable). Assume that a group of domain experts has provided to the decision maker the relevance function in
In this case, high predictive accuracy of a model on the high values of the target variable yields large benefits, while high accuracy on the remaining values has benefits that tend to zero as the values get lower. Simultaneously, the models incurs large costs when substantially mispredicting on high values of the target variable while the costs for mispredictions on the low LNO2 values are lower. This is controlled with the
Definition 3 (Utility-based Regression). Consider a predictive task with a continuous target variable Y whose domain is Y and a user-defined utility surface U (y,ŷ). The goal of utility-based regression is to obtain the model that provides the maximum utility.
The main goal of utility-based regression tasks is to obtain predictions that achieve high expected utility according to the user preferences expressed through a utility surface. This contrasts with standard regression approaches, which are focused on minimizing expected loss.
III. LEARNING BY OPTIMIZING UTILITY
Traditional loss function minimization is not appropriate when performing utility-based regression; more suitable performance metrics must be applied. Observing scores of a loss function is insufficient because the utility surface must be taken into account. The user's goal is to maximize utility; therefore, the model's performance must be assessed by considering the utility of the predictions. This is analogous to the case of cost-sensitive classification where the performance assessment metrics reflect the expected cost rather than the average error. Ribeiro [5] proposed two metrics that are suitable for evaluating utility-based regression: Mean Utility (MU) and Normalized Mean Utility (NMU). Equations 5 and 6 provide the definitions of these two evaluation metrics for the setting considered in this paper. NMU is a normalized version of MU that yields scores in the [0, 1] interval. We will use NMU in this paper. for each metric and setting considered is shown in bold. The rankings in Table II Note that the above example was constructed to exhibit a complete mismatch between the models' performance obtained using standard metrics and that obtained using utilitybased metrics. Such extreme discrepancies may not occur in every situation in practice. The important fact that we want to highlight is that standard metrics do not reflect the model's performance in accordance with the user preferences.
Let us now formally define how the optimal prediction for a given case can be determined in a utility-based context. This definition is based on establishing the expected utility of a prediction using the conditional density of the target variable. Let f Y |X represent the conditional probability density function of Y given the occurrence of the value x of X. Equation 7 provides the definition of the conditional probability density function based on both the joint and marginal density functions.
where f X,Y (x, y) represents the joint density of X and Y , and f X (x) is the marginal density of X. For a given example q = x k , y k , with y k unknown, the optimal prediction y * can be determined as follows:
Equation 8 shows how the optimal prediction for a given example can be obtained, assuming the true conditional density for the target variable is known. This equation is the extension to regression and utility-based problems of the minimization of the conditional risk [1] . Equation 8 shows how to obtain the prediction that maximizes the expected utility. To apply this mechanism in practice, we are required to provide two components: i) a utility surface that states the user preference bias and ii) an estimate of the conditional probability density function f Y |X .
In the following we propose a method that is able to obtain an estimate for the optimal prediction considering the above conditions and Equation 8.
A. Conditional density probability function estimation through class probabilities
The first component we need is an estimate of the conditional density function. In this section we briefly describe how we obtained an estimate for f Y |X using a class probability estimator. The method presented here is described in Frank and Bouckaert [7] and Rau [8] and uses ordinal classification to obtain an estimate for f Y |X .
Let us assume we have a class probability estimatorp that is able to provide for each given class c and case q an estimate of the class probabilityp(c|q) using a training set. The main idea is to usep(c|q) to derive weights for each value of the target variable conditioned on q.
We begin by discretizing the continuous target variable values in the training set into equal width, non-overlapping bins which will be treated as classes. Let c y represent the class that contains the target value y and let n cy be the number of examples in that class.
Given a case q = x k , y k , we derive a weight w i for each y i value in the training set as follows:
We then apply a weighted Gaussian kernel density estimator in conjunction with the weights obtained to yield the following estimate of the conditional probability density function:
Following Silverman's "rule of thumb" [9] , the value of σ is set as follows in our experiments: σ = 0.9An −1/5 , where A = min{σ X , IQR 1.34 }. Further details regarding this method for conditional probability density estimation can be found in [7] , [8] .
An important question that arises is which probabilistic classifier should be used for obtaining the weights in the kernel density estimates f Y |X for each X. It is appropriate to select a classification approach that is closely related to the corresponding regression approach used to estimateŷ. For example, if an algorithm for building regression trees is used to estimateŷ, it is appropriate to use a corresponding classification tree algorithm to obtain the class probabilities that yield the weights in the kernel density estimate. When dealing with cost-sensitive classification, a mismatch between the probability estimator and the classifier used has been shown to negatively impact performance [10] . This motivated our approach of selecting the probabilistic classifier most closely related to the regression algorithm being used. Moreover, we will assume, as done by Domingos [2] , that the user is able to select the regression scheme that best adapts to the problem domain that is being considered. This selected scheme is then used for learning the regression model and its probabilistic classifier counterpart is used for obtaining the conditional probability density estimates.
B. Optimizing Utility
Regarding the utility optimization procedure presented in Equation 8, our proposal involves, for a given case q, the evaluation of f Y |X for X = x k and the evaluation of the integral for all z ∈ Y . To be more precise, consider a case q = x k , y k for which we want to obtain a prediction for the true target variable value y k . Let us suppose we want to assess the effects of predicting z for the true value y k of case q. The integral in Equation 8 allows us to obtain an estimate of the conditional utility of predicting z. Given that our goal is to maximize utility, we only have to determine which z ∈ Y enables us to obtain the largest value. This z value is selected as the optimal prediction for case q because it provides the estimate that yields the highest expected utility.
Regarding the implementation of this algorithm, we use a parameter for specifying the granularity used in the approximations. Given this granularity , we evaluate the function f Y |X and the surface U in the domain Y using a set of points equality spaced by . Figure 6 shows an illustration for a given test case of the LNO2Emissions data set. The solid black line represents the f Y |X estimate obtained conditional on the considered case. The red dashed line displays the values obtained for the integral proposed in Equation 8 across the Y domain. The vertical lines in the figure show the true target variable value (dashed blue), the LNO2 value with the highest probability given the information in the probability density function conditional on the case (solid black) and the LNO2 value with the highest estimated conditional utility (dashed red). We observe that, in this case, the prediction is pushed to a value with lower conditional probability but higher expected utility.
IV. EXPERIMENTAL EVALUATION
In this section we present the experimental evaluation conducted and discuss the results obtained. For reproducibility purposes, the data used and the code for all the experiments described is available at https://github.com/paobranco/ UtilityOptimizationRegression. We have used the free open source R environment to ensure easy replication of our work.
A. Evaluation of our Proposed Approach
The experiments carried out aim at testing the effectiveness of our proposed approach for optimizing the utility in the context of utility-based regression tasks. For this goal we selected 16 regression data sets. Table III shows the main characteristics of these data sets. We obtained a relevance function for each of them through the automatic method proposed by Ribeiro [5] , which we discussed in Section II. The relevance functions produced assign higher relevance to rare extreme values of the target variable. Table III shows the number and percentage of rare values in each data set when considering a threshold of 0.8 on the relevance values. We also used the method proposed by Ribeiro [5] for defining different utility surfaces for each data set. For each data set we obtained four utility surfaces by varying the parameter p that specifies which types of errors should be more/less penalized. For each data set, a different utility surface was obtained for each p value in {0.2, 0.5, 0.8, 1}.
We have evaluated our proposal using 2 different learning algorithms and we considered several parameter variants for each algorithm type. The algorithms, the set of parameters tested and the respective R packages used in our experiments are described in Table IV. We applied 10 learning approaches to each of the 16 data sets (6 Random Forest variants + 4 SVM variants) using both the learner without utility optimization and our proposed approach for optimizing the utility. Moreover, in each of the previous combinations, we used each one of the four utility surfaces defined for each data set. We set the granularity parameter to 0.1 in all data sets.
All experiments were evaluated using the NMU (Normalized Mean Utility) metric defined in Section III. The use of a normalized measure allows us to obtain results that are comparable between different data sets. The NMU values were estimated by 2 repetitions of a 10-fold cross validation process. We assessed the statistical significance of the observed paired differences through the non-parametric Wilcoxon Signed Rank test. Table V shows the 2 × 10-fold CV estimate of the NMU metric on each data set and learner, evaluated using both the baseline learner by itself (labelled as Orig) and our proposed utility optimization strategy (labelled as Util). The results displayed in both tables concern only the utility surfaces obtained with p set to 0.5 and 1. Given the space constraints, the results obtained for the remaining utility surfaces and other complementary results are available at https://github. com/paobranco/UtilityOptimizationRegression. The advantage of our approach is clear, specially for the most extreme utility surface setting: we obtain improvements in the majority of data sets and learners in terms of the utility of the models observed. The observed gains are often relatively small but there is an improvement in almost all cases.
Figures 7 to 10 show the wins (left/blue) and losses (right/brown) obtained through the paired Wilcoxon signed rank test for different values of p and for each base learner. To obtain these results, our proposed method was compared against the baseline regression schemes 160 times (96 and 64 times for the RF and SVM learners, respectively). The results show the wins and losses (lighter bars) and the significant wins and losses (darker bars) for a significance level of 0.05. In all the settings of p, the number of wins of the utility optimization strategy is overwhelming for the SVM learner. Regarding the RF learner, these results are more accentuated for the most extreme value of p. In all utility surface settings tested, the number of wins/significant wins is always larger than the number of losses/significant losses. These results show that the proposed strategy is able to efficiently adapt to different conditions, clearly improving the results obtained for the utility metrics. Similar results were obtained for a significance level of 0.01 and are available at https://github.com/paobranco/UtilityOptimizationRegression. Figures 11 and 12 show the results obtained for different values of the parameter p when averaging across learning algorithms and parameter settings. The results show that the baseline learners are more insensitive to this parameter in terms of the NMU metric. In fact, the majority of the data sets show a slight decrease in performance when the value of p is increased. Regarding the results obtained with the strategy that optimizes utility (Figure 12 ), we can observe that several of the data sets exhibit an increase in the NMU values when p is set to the most extreme values (0.2 and 1). Only 1 out of 16 data sets presents a decrease in the NMU values when p is increased from 0.5. Figures 13 and 14 show the impact of the proposed approach in the predictions of the airfoild data set for different settings of the utility surface. The lower extreme values of this data set target variable are the most relevant ones according to the automatic method used. We measured, for each example, the difference between the predictions obtained by the original learner and those obtained using the proposed approach. The average value of these shifts on the 2 × 10 -fold CV is represented on the vertical axis. This data set was selected as a representative of the data sets that do not always achieve a better performance with our proposed strategy. We observe a different impact on the predictions when comparing the results obtained with the two utility surfaces. Moreover, we also observe a higher divergence between the shifts applied for the SVM and RF algorithms when considering the utility surface with p = 1.
V. RELATED WORK
A diverse set of proposals exist for cost-sensitive learning in the context of classification tasks. These proposals can be categorized into direct and meta-learning methods [13] . The former manipulate the learning algorithm internally to make it cost-sensitive (e.g. [14] ). The latter aim at creating a "wrapper" around a cost-insensitive learning algorithm in order to transform it into a cost-sensitive algorithm (e.g. [2] ). As discussed earlier, these proposals are mostly focused on the cost-sensitive paradigm rather than the utility-based frame- work. For regression tasks, cost-sensitive learning has been studied less. The issue of considering asymmetric loss functions that model the costs of under and over-predictions has been considered in some proposals. Orallo [15] studied the use of probabilistic reframing for addressing cost-sensitive regression problems with asymmetric losses. Zhao [16] and Bansal [17] also presented two proposals for addressing the problem of cost-sensitive regression. The proposed method tries to minimize the expected misprediction costs in a post-hoc manner assuming that asymmetric costs are available for the problem. Regarding utility-based regression, the works of Torgo and Ribeiro [6] and Ribeiro [5] are, as far as we know, the only approaches that address this issue. Ribeiro [5] proposed utilitybased Rules (ubaRules), a rule ensemble system developed for obtaining models biased towards the preferences defined in a utility function. The system design follows two steps: i) obtain rule ensembles from different regression trees, and ii) select the best rules to include in the final ensemble. On several stages of the algorithm, the utility function is used.
Frequently, other problems are tackled through costsensitive methods. This happens, for instance, with imbalanced domains. Dealing with imbalanced domains is a challenging problem for several tasks, such as binary classification, multi-class classification, regression, time series classification/regression, data streams, and multi-target and multi-label problems among others (e.g., [18] , [19] ). In imbalanced domains, the user preferences are also not uniform across the target variable domain. However, typically the user does not define costs and/or benefits. The user preferences are known to be biased towards the most rare cases but they are usually not quantified, which blocks the evaluation of costs/benefits.
Many approaches have been developed for solving the problem of imbalanced domains through the cost-sensitive framework (e.g., [4] ). The performance assessment of the models is achieved through metrics such as G-mean, precision and recall or AUC.
VI. CONCLUSIONS
In this paper, we formally present the problem of utilitybased learning in regression tasks. To achieve this, we resort to the definition of a relevance function and a utility surface. We show that standard regression metrics are not suitable for evaluation in this setting and appropriate metrics based on utility are required.
We formally define the process of obtaining optimal predictions for a given utility-based regression task. The strategy we propose for optimizing utility uses a utility surface and an estimation of the conditional probability density function of the target variable. The optimal prediction for a case is obtained by maximizing expected utility.
A large set of experiments were carried out with a diverse set of learning algorithms, regression data sets and utility surfaces. The results obtained highlight the advantages of our proposal across several different settings.
The key contributions of this paper are as follows: i) we define the problem of utility-based learning in regression domains; ii) we propose and test a solution for optimizing the predictions in this setting; and iii) we analyse the impact of different utility surfaces on the performance achieved.
Regarding future work, we would like to explore the performance of this method when using other learning algorithms. Moreover, it would be interesting to understand if there are specific data characteristics and learning algorithms that provide a suitable setting for our method.
